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Abstract 

 

Piezoelectric materials, due to their electromechanical coupling properties, are widely used as 

actuators and sensors in intelligent structures to control vibrations and bends of multilayer 

sheets with piezoelectric layers. In this paper, the response of free vibrations of a multilayer 

composite shell with the new Generalized Differential Quadrature Method (GDQM) for 

different boundary conditions is investigated. The governing equations are obtained by 

assuming first-order shear theory and using Hamilton's principle. The generalized quadrature 

differential method is used to solve the obtained equations. To use this method, coding has 

been done in MATLAB software. Due to the same thickness of the layers, as the number of 

composite layers increases and the total thickness is constant, the thickness of each layer 

decreases, and consequently the thickness of the piezoelectric layer decreases. Comparing the 

results of this method with the work of other researchers shows that this method has good 

accuracy. 
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1 Introduction   
 

Combining composite materials with piezoelectric materials can provide very good properties for use in 

various electromechanical systems as sensors and operators. Piezoelectric properties were scientifically 

expressed by Pierre and Jacques Corey in 1880. They described the direct and reverse effect as the basis of 

piezoelectricity. If the operating frequency of the system reaches the value of the natural frequency of the 

system, the deformations will be very large and the structure will be destroyed. In this study, the effect of 

mechanical and geometric parameters of vibrational behavior of a three-layer electric scaling sheet is 

investigated. Research on past references can further demonstrate the need for this research. Jay-Hong Han et 

al. [1] analyzed a composite sheet with a piezoelectric layer of sensor and operator to control vibrations using 

layered theory. Plate theory, it is concluded that the developed model can describe more realistic smart 

composite plates with distributed piezoelectric actuators. Narayanan et al. [2] performed a finite element 

method for modeling intelligent structures with a piezoelectric layer for active control with operator and sensor 

layers. Heidary et al. [3] performed the forced vibration control of a thermoplastic composite sheet with 

piezoelectric. Based on the classical theory of sheets, they derived the equations of motion of the sheet around 

the joint using Hamilton's principle. Zhang et al. [5] investigated optimal shape control of CNT reinforced 

functionally graded composite plates using piezoelectric patches. Sharma et al. [6] using piezoelectric layers 

as sensors and the operator investigated the vibration control of carbon nanotube-reinforced composite sheets. 
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Ansari et al. [7] used the Reissner-Mindlin strain gradient theory for Nanoshells of functional materials. length 

scale parameters, material properties, temperature difference, and compressive axial loads on the natural 

frequencies, critical flow velocities, and instability of the system. Farzam-Rad et al. [8] used this method and 

theory of quasi-three-dimensional shear deformation for sheets of functional materials. Chen et al. [9] proposed 

a model for the piezoelectric thermomechanical coupling, which also used the Hamilton method and the 

Rayleigh method to obtain the governing nonlinear equations. And they solved the equations by the harmonic 

balance method and compared the results with the Runge–Kutta numerical method. They found that the 

frequency increases with increasing temperature while the resonance amplitude decreases. In this research, to 

evaluate the efficiency and accuracy of the analysis method from the solution of piezoelectric composite 

multilayer sheets is investigated. The generalized differential squares method is used to discretize the 

governing equations and boundary conditions, to improve the differential squares method, and also to calculate 

the weight coefficients. In recent years, this method has been considered by researchers in various branches of 

science due to its high accuracy and convergence rate. The nature of the method of differential squares is a 

partial derivative of a uniform function concerning a variable that is approximated by the weighted sum of the 

values of the function at all discrete points in that direction. The weight coefficients associated with it are not 

problem-specific and depend only on the network points and the derivative order. In this method, network 

points are selected optionally and without any limitation. The three-layer sheet under study consists of a 

composite layer and two connected layers at the top and bottom made of piezoelectric calibrated materials. 

Changes in mechanical and electrical properties in the core and equipped layers are considered in general and 

differently. Vibrating characteristics and flexural behavior of the structure can be controlled by using 

piezoelectric calibrated materials. Safarpour et al. [10] The validity of the current approach is assessed by 

comparing its numerical results with those available in the literature. Especial attention is drawn to the role of 

GPLs weight fraction, patterns of GPLs distribution through the thickness direction, geometrical parameters 

such as semi-vertex angle, length to the mid-radius ratio on natural frequencies, and bending characteristics. 

Habibi et al. [11] investigated vibration analysis of a high-speed rotating GPLRC nanostructure coupled with 

a piezoelectric actuator. The results of the current study are useful for the design of materials science, micro-

electro-mechanical systems, and nanoelectromechanical systems such as nano actuators and nanosensors. 

Ebrahimi et al. [12] investigated frequency characteristics of a GPL-reinforced composite microdisk coupled 

with a piezoelectric layer. Ramegowda et al. [13]  investigated finite element analysis of a thin piezoelectric 

.Numerical results are given for various electrical configurations of actuators and sensors to validate the present 

method. Comparison with an exact solution illustrates the accuracy, efficiency, and capability of the developed 

solid direct and shell inverse-piezoelectric analysis coupled with a pseudo-direct-piezoelectric evaluation 

method to capture the sensor and actuator response of a thin piezoelectric bimorph with a metal shim. 

     

2 Problem statement and Governing Equations 

 
According to the first-order shear theory for plates, as Figure 1 shows, the transverse normality does not remain 

perpendicular to the center plate after the plate deforms. The reason for this is to consider the effects of shear 

stresses on deformation. In thick sheets and plates, shear stresses will increase significantly, and therefore in 

the analysis of thick plates, a theory capable of considering the effects of these stresses should be used. For 

this purpose, will use the first-order shear theory [1]. Figure 1 shows the sheet under consideration in the 

problem. 
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a) Schematic of a composite sandwich sheet with 

piezoelectric layers. 

 

b) Deformation of a plate considering the shear 

strain energy [1]. 

Figure 1.The sheet under consideration in the 

problem. 

According to Figure 1, the displacement field will be as follows: 
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That, u , v , w  In order of the components of the displacement at any point in the desired direction x , z , y . 

0u ,  0v   ,  0w  also to the components of displacement on-page 0Z = . x   and 
y  respectively, they indicate a 

transverse vertical rotation around the y   and x  axis and will be equal to: 
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If the beam or plate is thin and as a result, the transverse shear strains are small, which will lead to the 

perpendicular cross-section of the beam or plate to the neutral plate, we will have: 
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In this study, all values of 0u , 0v  , 0w , x ,
y the unknown will be considered a problem. The strain-

displacement relations will be as follows: 
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That: 
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Tension-strain relations for layer k  they will be as follows: 
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(8-b) 
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That 

( )k

ijQ  decreased stiffness of k the layer [1]. We will have motion equations for pages according to 

Hamilton's principle: 
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That: 

Strain energy changes, U , Potential energy changes, V and Kinetic energy changes, K . These changes will 

be equal to: 

(10) 
( ) ( )

( )

2
0 0

0 0 2

0 0 0    

W L h

x x x y y y
h

xy xy xy yz yz xz xz

U z z

z dzdxdy

      

      

−

= + + +


+ + + +


  
 

(11) ( )
2

0 0 2
, ,  

W L h

h
V q x y t dzdxdy

−
=     

(12) 
( )( )

( )( )

2

0 0
0 0 2

0 0 0 0

W L h

x x
h

y y

K u z u z

v z v z w w dzdxdy

    

   

−
= + +

+ + + +


  
 

According to Figure 1, L, W  ,  h the length, width, and thickness of the page, respectively, and ρ, the density is 

related to the layer from which the integral is taken in terms of thickness. ( ), ,q x y t  the extensive external load 

applied to the system. The following are the definitions of force and moment, and Figure 2 shows these results 

for a rectangular plate. 

 
 

Figure 2. Force and moment result in planes parallel to the coordinate axes [1]. 

These results will be equal to: 
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In Equations (6) and (7), the cross-sectional strains of the whole plate are in the direction of constant thickness, 

which according to relation (8) the cross-sectional stresses will also be obtained in the direction of constant 

thickness. According to the introductory theory for homogeneous beams, the changes in cross-sectional 

stresses in the direction of thickness are parabolic. In beams, plates, and composite shells, the changes in cross-

sectional stresses along the thickness will be at minimum second degrees. The difference between the actual 

stresses and the stresses obtained from the first-order theory is corrected by multiplying the shear force results 

by a constant number Ks. Various values have been reported for this coefficient, in which the value 5
6

   for Ks 

will be obtained [1]. 

By placing relations (8) in relations (13): 
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That: 
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By placing relations (6) and (7) in relations (14), the results will be obtained according to the components of 

displacement. By substituting relations (14) in relations (10) to (12) and substituting the answer obtained in 

relation (9): 
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By substituting relations (7) for relations (16) and (17), will have an integral part: 
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Using the Fundamental lemma of the calculus of variation, the equations of motion will be obtained as follows: 
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The piezoelectric relations are given in the following index [14]: 

(20) 
𝜎𝑖𝑗 =  𝑐𝑖𝑗𝑘𝑙 ԑ𝑘𝑙 − 𝑒𝑘𝑖𝑗 𝐸𝑘    

𝐷𝑖 =  𝑒𝑖𝑘𝑙 ԑ𝑘𝑙 +  є𝑖𝑘  𝐸𝑘     

Due to the thinness of the piezo layer, will neglect the shear term in this layer and as a result, in relations (12), 

we will have for the piezoelectric layer: 

(21) 
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Due to the thinness of the piezoelectric layer, electrical displacement in the other two directions of the 

piezoelectric layer can be neglected. Eventually, the piezoelectric relationships of the layers will be reduced 

as follows: 

(22) 
σxx =  c11ԑxx −  e31 Ez   

Dz =  e31 ԑxx + є33 Ez    
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Since there is no external electrical charge in the sensor, the electrical displacement of this layer will be zero 

in line with the thickness; so: 
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Based on this, the sensor stress relation is obtained as follows: 
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On this basis, by placing the electric field strength in the sensor and the experimental relation 𝐸𝑖 =  𝜑𝑖 [14] 

with each other and integrating into the direction of z: 
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To obtain the governing equations of the operator, it can be assumed that the distribution of electrical potential 

within the operator as a second-order function [4] is given in the following relation: 

(26) φa = φ0 + z φ1 + 𝑧2 φ2   

Given that potential difference is required in the operator, the following electrical boundary conditions are 

considered: 
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Using the above boundary conditions and using the Maxwell equation [14], the following equation will be 

obtained for the distribution of electrical potential: 
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Accordingly, we will have the following relation for Ez [14]: 

(29) Ez = − 
∂φ

∂Z
= −

Va

ha
+ 

e31 
a

 є33
a

 (hm
a − z)

∂ψ(x)

∂x
   

Based on this, the operator stress relation will be obtained as follows: 

 

(30) σxx
a = c11 (

∂u0

∂x
+ z 

∂ψ(x)

∂x
)

a

+ e31 

Va

ha
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− 
e31 

2

є33
 (hm

a − z)a  
∂ψ(x)

∂x
 

To see the effect of control on the structure, the output voltage of the sensor is related to the operating voltage 

with the following relation: 

(31) 

Va = G VS =  −
e31 hS G 

є33
  

(
∂u0

∂x
+ hm

s  
∂ψ(x)

∂x
)   

By placing relation (30) in relation (31) the final relation for the operator stress will be obtained: 

 

(32) 

σxx
a = c11 (

∂u0

∂x
+ z 

∂ψ(x)

∂x
)

a

 

−
e31 

2 hS G 

ha є33
 (

∂u0

∂x
+ hm

s  
∂ψ(x)

∂x
) 

− 
e31 

2

є33
 (hm

a − z)a  
∂ψ(x)

∂x
 

Since there is no external electrical charge in the sensor, so the electrical displacement of this layer will be in 

the direction of zero radii, so for the sensor layer: 

(33) 
𝐷𝑧 =  𝑒13 ԑ𝑥 + 𝑒23 ԑ𝜃 +  𝑒33 ԑ𝑧 

+є33 𝐸𝑧 = 0   

That: 

(34) Ez
s = −

1

є33
 (e13 ԑx +  e23 ԑθ + e33 ԑz)   

By placing the relation (32) in relation (35), the stress relations for the sensor layer will be obtained: 

(35) 

σx
s =  c11ԑx +  c12ԑθ +  c13ԑz +

e13

є33
 (e13 ԑx 

+ e23 ԑθ + e33 ԑz)   

σθ
s =  c12ԑx +  c22ԑθ + c23ԑz +

e23

є33
 (e13 ԑx 

+ e23 ԑθ + e33 ԑz) 

On this basis, by equating the intensity of the electric field in the sensor and the experimental relation 𝐸𝑖 =  𝜑𝑖 

[14] together and integrating into the direction z: 

(36) 

Vs  =  ∫ Ez
s dz

z1

z0

   

Vs  =  − 
 hs

є33
 (e13  

∂u0

∂x
+ e23 

W(x . θ)

R
)s   

According to the shell theory, the second-order of the force and time relations of the sensor layer is defined as 

follows [14]: 
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(37) 

Nx
s =  ∫ σx

s
𝑧0

𝑧1

2 𝜋 R1 dz 

Mx
s =  ∫ σx

s
𝑧0

𝑧1

2 𝜋 R1 z dz 

Nθ
s =  ∫ σθ

s
z0

z1

 L dz 

By placing the relation (36) in relation (37), the force and moment for the sensor layer are obtained as follows: 

(38) 

Nx
s =  2 π R1 hs [(c11 +  

𝑒13
2

є33
) 

∂u0

∂x
+ (c12 

+ 
e13  e23 

є33
) 

W(x . θ)

R
] 

Mx
s =  2 π R1  (

𝑧0
2 −  𝑧1

2 

2
) 

[(c11 + 
𝑒13

2

є33
) 

∂u0

∂x
+ (c12 

+ 
e13  e23 

є33
) 

W(x . θ)

R
] 

Nθ
s =  𝐿 hs [(c12 + 

e13  e23 

є33
) 

∂u0

∂x
 

+(c22 +  
𝑒23

2

є33
) 

W(x . θ)

R
]   

To obtain the equations governing the operator, it can be assumed that the distribution of the electric potential 

inside the operator as a function of the first order [4] is as follows: 

(39) φa = φ0 + z φ1   

Given that potential difference is required in the operator, the following electrical boundary conditions are 

considered: 

(40) 

φ = Va            at  z =  zN+2 =  
−H

2
−  ha 

φ = 0             at z =  zN+1 =  
−H

2
            

 

Using the above boundary conditions and using the Maxwell equation [14], the following equation will be 

obtained for the distribution of electrical potential: 

(41) φa = −
H Va

2 ha
− 𝑧 

Va

 ha
   

Accordingly, will have the following relation for Ez [14]: 

(42) Ez = − 
∂φ

∂Z
=

Va

ha
   

To observe the effect of control on the structure, the output voltage of the sensor is related to the operating 

voltage with the following relation: 
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(43) Va = G VS =  − 
G  hs

є33
 (e13 

∂u0

∂x
+ e23 

W(x . θ)

R
)s   

Based on this, the operator stress ratio will be obtained as follows: 

(44) 

σx
a =  c11ԑx +  c12ԑθ +  c13ԑz 

+
e13 𝐺 hs

ha є33
 (e13  

∂u0

∂x
+ e23 

W(x . θ)

R
)   

σθ
a =  c12ԑx +  c22ԑθ + c23ԑz 

+
e23 𝐺 hs

ha є33
  (e13  

∂u0

∂x
+ e23 

W(x . θ)

R
) 

According to shell theory, the second-order of force and time relations of the operator layer is defined as 

follows [14]: 

(45) 

Nx
a =  ∫ σx

a
𝑧𝑁+1

𝑧𝑁+2

2 𝜋 R2 dz 

Mx
a =  ∫ σx

a
𝑧𝑁+1

𝑧𝑁+2

2 𝜋 R2 z dz 

Nθ
a =  ∫ σθ

a
zN+1

zN+2

 L dz 

By placing the relation (44) in relation (45), the force and moment for the operator layer are obtained as 

follows: 

(46) 

Nx
a =  2 π R2 ha [(c11 +  

e13
2  G hs

ha є33
) 

∂u0

∂x
+ (c12 

+ 
e13 e23 G hs

ha є33
) 

W(x . θ)

R
] 

Mx
a =  2 π R2 (

z0
2 −  z1

2 

2
) [(c11 +  

e13
2

є33
) 

∂u0

∂x
+ (c12 

+ 
e13 e23 

є33
) 

W(x . θ)

R
] 

Nθ
a =  L ha [(c21 +  

e13 e23 G hs 

ha є33
) 

∂u0

∂x
+ (c22 

+ 
e23

2  G hs

ha є33
) 

W(x . θ)

R
] 

 

 

And for boundary conditions: 

For fixed edges: 

(47-a) 0 0 0 0,   0  at  , const.x yu v w x y = = = = = =  

For edges with simple support: 

(47-b) 
0 0

0 0

0,  0,   0,  0 at  const.

0, 0,   0,   0 at const.

y x x

x y y

v w N M x

u w N M y





= = = = = =

= = = = = =
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And finally for the free edges: 

(47-c) 
0,   0,  0 at   const. 

0,   0,  0 at   const.

x xy x xy x

xy y xy y y

N N M M Q x

N N M M Q y

= = = = = =

= = = = = =
 

  

3 Generalized Differential Quadrature Method (GDQM) 
 

The first derivative of the ( )f x  function concerning x at any point ix  is as follows: 

(48) 
( ) ( ) ( ) ( ) ( )1 1 1

1

  , 1,2,...,
N

x i ij x j

j

f x H f x i N
=

= =  

That 
( )1

ijH is the weighted factor derivative of the first order and N is the total number of nodes in the domain. 

The relation (48) is called the quadratic differential [2]. The Generalized Quadratic Differential Method 

(GDQM) proposed to solve the differential equations in the field of fluid dynamics was a generalization to the 

quadrature differential method. The standard function in this method is as follows: 

(49) ( )
( )

( ) ( )

1

1,

,  1, 2,...,

N

j

j

k N

k k j

j k j

x x

g x k N

x x x x

=

= 

−

= =

− −




 

By placing the relation (49) in relation (48), the weight coefficients will be obtained by solving the equation 

device as follows: 

(50) 
( )

( )

( ) ( )

1 1,

1,

, , 1, 2,..., ;    

N

i k

k k i

ij N

i j j k

k k j

x x

H i j N i j

x x x x

= 

= 

−

= = 

− −




 

As can be seen from Equation (50), there is no limit to the selection of nodes in this method [2]. Using the 

Taylor series: 

(51) 
( )1

1

0, , 1,2,..., ;  
N

ij

j

H i j N i j
=

= =   

With the help of relation (51): 

(52) 
( ) ( )1 1

1

, , 1,2,..., ; 
N

ii ij

j

H H i j N i j
=

= − =   

The same can be done to find the weight coefficients for the second and higher-order derivatives. Here is a 

summary of the final results using the Shu return relation; So: 

(53) 

( ) ( ) ( )
( )

( ) ( )

1

1 1

1

   , 1, 2,...,  ;   
,
   2,3,..., 1

   , 1,2,...,  ;   
,
   2,3,..., 1

r

ijr r

ij ij ij

i j

N
r r

ii ij

j

H i j N i j
H r H H

r Nx x

i j N i j
H H

r N

−

−

=

  = 
= − 

= −−  

= 
= −

= −


 

That 
( )r

ijH  is the weight factor of the r derivative [2]. In the following, we will investigate the quadratic 

generalized multidimensional differential method. 

 

3.1 Multi-dimensional generalized quadratic differential 

 

The GDQ method can be generalized to multidimensional problems. Here we will deal with the 2D GDQ 
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method. Relations for higher dimensions can simply be extracted, such as two-dimensional GDQ relations. In 

GDQ we have two dimensions: 

(54) 

( ) ( ) ( ) ( )
1

, ,  

1, 2,...,
  , 2,3,..., 1

1,2,...,

N
n nx

x i j ik k j

k

f x y H f x y

i N
n N

j M

=

=

=
= −

=


 

(55) 

( ) ( ) ( ) ( )
1

, ,

1, 2,...,
  , 2,3,..., 1

1,2,...,

M
m my

y i j jk i k

k

f x y H f x y

i N
m M

j M

=

=

=
= −

=


 

That 
( ) ( ),
n

x i jf x y is the derivative of the order n of the function f relative to x at the point ( ),i jx y   ( ) ( ),
m

y i jf x y  ،

is also the derivative of the order m of the function f relative to y at the mentioned point and N and M are also 

the number of amplitude points in the direction of x and y, respectively. 
( )nx

ikH  and 
( )my

jkH  will be the weight 

coefficients for derivatives of order n and m, respectively, in the direction of x and y. These coefficients can 

be achieved with the help of the following relations; So: 

(56) 

( ) ( ) ( )
( )

( ) ( )

1

1 1

1

    , 1, 2,...,  ;   
,
    2,3,..., 1

 
    , 1, 2,...,  ;   

,
    2,3,..., 1

my

ijm my y y

ij ij ij

i j

N
m my y

ii ij

j

H i j M i j
H m H H

m My y

i j M i j
H H

m M

−

−

=

  = 
= − 

= −−  

= 
= −

= −


 

(57) 

( ) ( ) ( )
( )

( ) ( )

1

1 1

1

    , 1, 2,...,  ;   
,
   2,3,..., 1

   
    , 1, 2,...,  ;   

,
   2,3,..., 1

nx

ijn nx x x

ij ij ij

i j

N
n nx x

ii ij

j

H i j N i j
H n H H

n Nx x

i j N i j
H H

n N

−

−

=

  = 
= − 

= −−  

= 
= −

= −


 

That: 

(58) 

( )

( )

( ) ( )

( ) ( )

1 1,

1,

1 1

1

,    , 1,2,...,   ;   

           

,    , 1,2,...,   ;   

N

i k

k k ix

ij N

i j j k

k k j

N
x x

ii ij

j

x x

H i j N i j

x x x x

H H i j N i j

= 

= 

=

−

= = 

− −

= − = 







 

(59) 

( )

( )

( ) ( )

( ) ( )

1 1,

1,

1 1

1

,    , 1, 2,...,   ;   

           

,    , 1, 2,...,   ;   

M

i k

k k iy

ij M

i j j k

k k j

M
y y

ii ij

j

y y

H i j M i j

y y y y

H H i j M i j

= 

= 

=

−

= = 

− −

= − = 







 

The GDQ method can be used to solve ordinary and partial differential equations. The use of this method in 

static problems of the algebraic equivalent device will result in the unknowns being the same as the dependent 

values at the node points. In dynamic matters, the unknowns will be time-dependent values at the nodes.The 

desired accuracy and stability of the results are obtained by distributing the Chebyshev-Gauss-Lobatto node 

points [15]; so: 
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(60) 

1
1 cos ,   1,2,...,

2 1

1
1 cos ,    1,2,...,

2 1

i

j

L i
x i N

N

W j
y j M

M





 −  
= −  =  

−  

 −  
= −  =  

−  

 

 

   

 

   (1) 

4 Results and discussion   
 

In this section, for example, the problem solved using the analytical method in the reference [1] is used and 

for a two-layer composite [0/90] [1]:  

6 2 4 6 2

2

1 2 12 13 2 23 2 12

25 cm,    1 cm

8 10 Ns /cm ,    2.1 10 N/cm

25 ,    0.5 ,    0.2 , 0.25

a b h

E

E E G G E G E





−

= = =

=  = 

= = = = =

 
(61) 

The boundary conditions used in this problem are simple for the four sides of the support. Figure 3 shows 

the dimensionless displacement for a wide sinusoidal load that is suddenly inserted into the plate. 

 

Immediate deformation in the center of the plate 

over time for the extensive sinusoidal load. 

 
Immediate deformation in the center of the plate 

over time for uniform pressure. 

Figure 3. The dimensionless displacement for a 

wide sinusoidal load. 
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In which the latent sinusoidal force is defined as follows [1]: 

0( , , ) ( )sin sin
x y

q x y t q t
a b

    
=    

   
 (62) 

That ( )0 1800q t =  is considered. Deformation can be achieved without the following relation [1]: 

3

2

4

0

100
E h

w w
q a

 
=  

 
 (63) 

Figure 4 shows the dimensionless displacement for a uniform pressure that suddenly enters the plate. As shown 

in Figures 3 and 4, the results obtained by the GDQ method are in good agreement with the results of the 

analytical solution presented in the reference [1]. These figures show the free vibration of the plate for the 

extensive load that enters the plate as a step (sudden) function. For both figures, the maximum values of 

displacement occurred at 0.4 and 0.8 seconds. The effect of increasing the number of composite layers on the 

first natural frequency is indistinguishable for the same total thickness and for and in the lay-up mode. Due to 

the same thickness of the layers, as the number of composite layers increases and the total thickness is constant, 

Frequency changes were very small compared to other piezoelectric coefficients, and their diagrams were 

neglected. Figure 3 shows that as the value of the positive electric potential increases, the natural frequency of 

the sheet decreases. Table 1 shows is the effect of the plate thickness on the dimensionless natural frequency 

of the studied smart plate ( 0.17, 0CNTV T=  = ). 
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.

 

 

Figure 4. The dimensionless frequency for a uniform pressure at the plate. 
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Table 1. Effect of the plate thickness on the dimensionless natural frequency of the studied smart plate (

0.17, 0CNTV T=  = ) [14]. 

 

Thickness, h  Electric 

potential, v 0.0001 0.1 

0.108602 0.105776 -100 

0.105773 0.105773 0 

0.102866 0.105770 +100 

 

 

5 Conclusion  

 
This paper investigated the free vibration analysis of an electromechanical system consisting of a three-layer 

sheet. The three-layer sandwich sheet consists of a calibrated core and is equipped with two piezoelectric 

calibrated layers. The equations of motion are based on first-order shear theory. Considering the above results, 

to increase the safety of the sheet against the phenomenon of resonance and to raise the natural frequency, the 

following suggestions are presented for the design of composite nanofibers. As much as possible, the sheet to 

be designed should have a lower side-to-thickness ratio. Negative electric potential and positive magnetic 

potential increase natural frequency. 
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