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Abstract. In a recent paper the ultra-relativistic limit of a recent theory proposed by
Pennisi and Ruggeri for polyatomic relativistic gas has been considered. This was important
to check the general article. In particular, the explicitly expression of the characteristic veloc-
ities of the hyperbolic system were found for every value of the parameter a measuring ”how
much” the gas is polyatomic. This result was achieved in terms of the components of the
main field as independent variables and without writing it in terms of the physical variables.
Here the closure of the field equations is considered in terms of these physical variables and
their ultrarelatistic limit is obtained.
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1 Introduction

In the article [1], Pennisi and Ruggeri presented a casual relativistic theory for polyatomic
rarefied gas. They proposed the following field equations

DV¥=0 , 0T =0 , 0,A*"> =[P~ (1)
for the determination of the independent variables

V(") — particle, particle flux vector, @

T*(z") —  energy momentum tensor .

It is assumed that 7% A*%7 and I®7 are completely symmetric tensors and < - - - > denotes
the traceless part of a tensor.
In the subsequent article [2] they have shown how the closure can be found in terms of a
4-potential h'* and reads

I o la
oh Taﬁzah AoBY — oh

Ve =
N’ Xy 055,

: (3)
After that, they have found the closure in terms of 3 scalar functions hg, he, hs; by comparing

egs. (9) and (11) of [2], we see that their expressions are

- 1 +o0

ho = y I°dT 4

0 (me?)* T (a + 1) /0 21 ’ (4)
1

he = ! /*OOJ* 1+ 2z 7°dT
73 (me) T (a+ 1) J, b1 mc? 7

- 1 +oo 27 \*
hs = Jio14+— ) Z%dT
’ <mc2>a+1r<a+1>/o ( +mc2> |

+oo
where  J, . (7) = / sinh™ scosh" sds, i.e., the Bessel function |,
0

A
w18 Jmn(y) with o replaced by ~* =+~ (1—1— —) :

mc?
Moreover, m is the particle mass, ¢ the light speed, a = —1 + f?/2 with f? the internal
degrees of freedom f? > 0 due to the internal motion (rotation and vibration; for monatomic

m02

gases f' = 0 and a = —1.), Z is the internal energy and v = aT with kg the Boltzmann
constant and T" the absolute temperature.
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The fields (V*,T%%) are expressed in terms of the usual physical variables through the de-
composition:

Ve =nmU®, T =< 4 (p4+ 7)h + C% Ueq? + % UeuP, (5)
where U® is the four-velocity (U“U, = c? because the metric tensor is chosen as ¢g** =
diag(1, =1, —1, —1)), n is the number density, p is the pressure, h®? is the projector tensor:
hed = —g% 4 C%,U‘;“Uf’, e is the energy, 7 is the dynamical pressure, the symbol < --- >3
denotes the 3-dimensional traceless part of a tensor, i.e., t<>3 = T» (hfjhff — %haﬁhw) is
the viscous deviatoric stress, and ¢* = —hzU,T""is the heat flux. In this case we can take
n, T, U, t<#>3 7 ¢* as independent Varlables

The Consequent expression of p, e and A*? are:

mn c? v Ohy mn
p= ,e=-L TR (6)
g ho v 7
2 hy + y 22 Dy
A = _ 22 O UeUPUY + 3 22 mn 2 ROPU) — (7)
ho ho
3 Ny Ny
= eSSy — 322 plesp)
62 D1 T D1 T +
+ % Ns arrBrr 3L @Rt 4 30 ¢(<eBZs ) |
C D2 P
with ~ ~
_ho %_h:y() h2 _i_,yahQ
D, = %_]}yo —%?20 <h2+78h2> 7
h 1 oh oh 5 h
bk (eafy) gk
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h2 —+ ’YahQ

(h2 +’}/8h2) ,

L (6hs +69% + 1220

—hy %—? 524‘7%—@2
Nn: %_]? _%?20 <h2+78h2> )
;LQ —%—;,LYQ (h _‘_3,}/8h5>
o,
-D2: - ;
o(%) ok
Oy Oy
70 2ﬁ2 iy—o 2712 1 iL
~ ~ = 5
Ny =| o N = ) BE 05—1—5}~l—7
B 2 (24 Yn) sl _2j, :

We want now to obtain the ultrarelatistic limit of the above coefficients and, consequently, the
ultrarelativistic expressions of the balance equations. This particular is missing in [2], even if
there is something in the artcicle [3] but limited to the case of only Euler Equations. To this
end, some properties are necessary and we have reported and proved them in [4] in order not
to excessively lengthen the present article. However, we observe that the ultrarelativistic limit
is not a simple limit for v going to zero, otherwise the independent variable v disappears when
it tends to zero and we have only 13 independent variables instead of 14. Instead of this, we do
the following considerations: If a given function F'(y) can be written as F'(y) = Fi(v)+ Fa(7)
with lim,_o %8; = 0, we say that F(7) is the leading term and substitute F'(y) with Fy (7).
In other words, we neglect terms which, in the limit for v going to zero, are of less order
with respect to the leading term. This will have the consequence that the balance equations
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(depending on the parameter a) will have some points of discontinuity with respect to this
parameter. The starting equations have the continuity property with respect to a, but passing
through some values of a the leading term changes. This is not a problem because, when
you make an application to a particular polyatomic gas, you know at what value of a it
corresponds and then you use the equations pertinent to this value.

By using the results in [4], w can now find the leading terms of our closure and we do this in
the next section, distinguihing some subcases according to different values of a. The results
are given by egs. (16) for a <0, a # — %, (18) for a = — 3, (20) for a = 0, (24) for 0 < a < 2,
(37) for a = 2, (49) for 2 < a < 3, (61) for a =3, (71) for 3 < a < 4, (82) for a = 4, (92) for
a >4,

2 The closure of the field equations in the ultrarela-
tivistic limit

Firstly, let us introduce the following notation

dis dy2 dy3 dy; dy2 dy3
Dy = |dy dao dys| , Ny=|dy dao da3 (8)
ds31 d32 ds3 Uz n32 n33
diy dy dy3
R €11 €12
Ny = |dy dao da3 , Dy = )
€21 €22
ms3i ms3z ms3s
~ €11 €12 ~ €11 €12
N3 = ) N31 - ) (9)
f21 f22 g21 g22

with obvious meaning of the symbols. After that, let us distinguish some subcases.
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2.1 The case a <0, a # —%
From eqs. (23), (31) and (12); of [4] we obtain

- 1
ho =77 T(2—a) = 577 I(=a),

522%7_5F(3—a)(a+5) —%7_3F(1—a)(a+3)7 (10)
hs =5 "T(4—a)(a+4)(a+11).

We recall that equilibrium is defined as the state where 7 = 0, ¢® = 0. t<*%>3 = 0. So, at
equilibrium, egs. (6) and (7) become
mn c? mmn c?
p= , e=3 7
Y gl (11)

AP =422 —a)(a+5)mn [UUPU™ + S hPu] .

To find the leading terms of the non-equilibrium closure, we use these expressions and the
follow scheme

o6 o °
diy di2 dy3 1 2)
12
D1’712 = day da das Y )
d31 — %dm d3z — %dm d33 — %dzz v

where the notation indicates that we have multiplied the first column by 3, the second one
by 7%, the third ones by v°; after that, we have multiplied the first line by 1, the second line
by v and the third line by v~!; so we find

lim Dyy% = — g (2a+1)(2a 4 5) [[(2 — a)* T(—a). (13)

7—0
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With a similar procedure we find

-3 . 5

din di2 di3| 1
N1715= day dao da3| v

n31 132 nss| 7>

3 . >

di1 di2 diz| 1
Ny = | dy da2 ds| v

ms1 ms32 msz| v’

from which we obtain

- - 4

lim Nyt = lim Nyy® = 5 P2 - a)]’T(3 —a) 2(2a® + 10a® + 19a + 23),  (14)

= =

and, consequently,

N . Nu 2a® + 10a® + 19a + 23

=lim —*=a(2—a) (1l - 15
1111 Py a( a’)( a’) (2a+1)(2a+5) ( )

Going on with the same procedure, we find

4 ~5 A ~5 A ~P

€11 e2| 1 ~ €11 ep| 1 ~ €11 | 1
D2710 = ’ NS'.YH - ’ ]\/v?)l'-)/11 = )

€21 €22|7 J1 faa| 7? 921 ga2|

From these results we obtain

2
limD2710:—§F(2—a)1“(3—a)(a—|—5),

v—0

N - 4
lim Naytt = lim Nyt = — 5 I'(2—a)T(3 —a)(a® + 2a° + 14a + 73),
y— y—
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and, consequently,

pa Vs N3y 2a®+2a% + 14a + 73
im —v = lim —~v = = .
20Dy %0 Dy |3 a+th
Finally,
.= (a+4)(a+11)
lim Cs v = (3 —
l Csy =B - a7 15
We note that, in the monoatomic limit a = —1, the present results are the same which have

been found in [?]. We note also that, if we consider only the first leading terms of (10), we
obtain

lim Dl’}/14 =0
v—0

which is not significative; so also the subsequent orders in the expansion around v = 0 were
necessary. Instead of this, for the other functions only the first leading terms of the expansion
around vy = 0 played an active role.

So for this case we have obtained the closure

AP = (2~ 4) (a + 5) % (UUPU™ + 2 WPy — (16)

2a3 + 10a? 4+ 19a + 23

3a(2-a)(l—a) (2a + 1)(2a + 5)

1
7T’f3 (? UeysyY + h(aﬂUv)) +

+ 2

3 2
a + 2(1/ + 14@ + 73 lq(aUﬁU’Y) + 1 q(ahﬁ,y) ’yil—i—
a+5 c? 5

(a+4)(a+11)

t(<aﬁ>3 Uv) -1
5(a+5) 7

+33—a)

2.2 The case a = —%

All the considerations of the previous case still hold, but there is now the negative aspect
that lim,_o D1v'* = 0. So in the present case we have only to analyze the behaviour of D;.
We note that, in the previous subsection, only 2 subsequent terms in the expansion around
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v = 0 played a role. Now we need also the third term in each of these expressions. So egs.
(10); 2 have to be generalized in

. 1 1 .
ho—’y3F<g> — 571F<§> + ng’y’ﬁ,
(17)
.3 ™N 5 3\ 2 \
oy = 2asp (L) Z 20-8p(2) 42 -3
2=57 (2) 17 (2)+7337 *s

(as it can be found from eqs. (26) and (34) of [4]) while eq. (10)—3 remains unchanged. In
these expressions the numbers Ry appears and they are defined by

+oo
Ry = lir% R, with Ry = / e \y2 —1yFdy.
e 1

Their expression is reported in Appendix A of [4].

After that, We see that in our case (12) becomes
D1~
T3 +30 ()" — Rz =30 (E)+3T (5)7° — 3Rzt —6T (5) + 3T (§) 7 — $R0
= =30 (3) +30 (3)7* — 3Rzv? —120(5) + T (3)7" — 1Ry =300 () + 2T (3) 7" — 53R
i) - 3r) i (3) - ! or (3) - Ryt
Now we add to the third line the first one multiplied by § 8 and the second one multiplied by
247, in this way the terms 1ndependent on 7 in the new thlrd line disappear and we can take
out of this new third line a factor 72. So we obtain
D, 7% =
“T(3) +350(3)7 — Rgrd —30(3) +40(5)7" —3R0% —60(3) + 30 (3) 7" — #R 57
= | =30 (3) +30(3) 7" — 3Rzvd —120(5) + T (3)7" — 1Ry =300 () + 2T (3) 7" — 3R 57
BT ()72 —ZRay*—2Ra ST (3)7 —3R2—3Ra  WT(3)7F — ZRs’ — 2Ry

Now we add to the third column the first one multiplied by 15 and the second one multiplied
by — 10; in this way the terms independent on 7 in the new third column disappear and we

19
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can take out of this new third line a factor v. So we obtain

=30 (3) +30 ()7 = 3Ryt —120 () + T (3) 7" = Ryt ANORES =8
w0 (3)72 = BR2Y = 3Rz 5T ()0 — 3R’ — §R 7 (3) 7 = FR=-

After that, we see that hm Dy 7

w""
Il
|
N |
| e
=
VRS
N | Ot
N———
| I
N
Iy
ol

So for this case we have obtained the closure

45 mn
4

L8 (T 1
5 \2 R%sm

59 /1 1 343
(aUﬂUv (ap,B7) -1 277 ((<aB>s7rv) 41
+ 5 ( 54 + 24 )7 + 55 g

AP = — (UU°U" + & h*PU7)) + (18)

M\@

< UCUPUY + h<aﬁm>)+

2.3 The case a =0

From eqs. (24) of [4] we obtain
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while the expressions of s and hs remain the same of (10)9,5. After that, we see that the
expressions (11) at equilibrium still hold, while for the non equilibrium closure, with the
previous scheme we now calculate

oK v o
d11 d12 d13 1
12
1 17— = da da das v
n-y
d1 — Ldon daz — Ldos dsg — §dbos| L=
712 40

after that, we find lim D;— = —.
=0 “Ilnvy 9
Regarding Ny, Nq1, Dy, N3, N3, Cs, we recall that in the case a < 0, a # 0 only the first
leding term in each of eqs. (10) played an active role; since they are the same in this case
a = 0, we find the same previous results, but calculated in a = 0. So we find

. Nl 3 IRT Nll 3 _
yg(gﬁlv (= Inv) —yg(l)ﬁv (=lny)=——.

For Dy, N3, N3p, Cs, the results are the same (but calculated in a = 0).
So for this case we have obtained the closure

A — 1022 (UeUPUY 4 U + (20)
v

138 1 1
v R a (S UtURUT 4 RSy ) 4
5 —v3Iny \ 2

146
)

Leripm ¢ Lgepm) 414 390 ycamsagm o1
c? 5 25

_|_

24 Thecase(<a<1
From eq. (25) of [4] we obtain

a+1

ho=~"2T(2—a) + —

R—a—2 ’Y_a_l ) (21)

21
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while the expressions of s and hs remain the same of (10)9,5. After that, we see that the
expressions (11) at equilibrium still hold, while for the non equilibrium closure, with the
previous scheme we now calculate

v v 5
di dio dis 1
Dyy'2He — doy iy b .
d3y — %dm dzo — %dgg dss — %d% a1
and find
lim D, yE =~ g I'3-a)l'(2—a)Rq2(a+1)(2a+1)(a+5). (22)

Regarding Ny, Nq1, Dy, N3, N3, Cs, we recall that in the case a < 0, a # 0 only the first
leading term in each of eqgs. (10) played an active role; since they are the same in this case,
we find the same previous results. The only new result is that

, L3 _ Niu 5., 2a® +10a® +19a + 23 T'(2 —a) (23)
11m — = ]111m — _ —
oD, %D, ) @+ D)(a+5)(2a+1) Ry
So for this case we have obtained the closure
AT = (2= a) (a +5) b (USUPUY + A hePU) + (24)

2a® +10a® +19a +23 T(2 —a)
(a+1)(a+5)(2a+1) R, 2

1
7_(_,}/(173 (_2 U&UﬁU’Y + h(aﬁU’Y)) +
C

+ 2

a® + 242 + 14a + 73 (

1 1
—gleyfyn) 4 Z glapfn) ) 41

c2

(a+4)(a+11)

H(<aB>3rr) =1
5(a+5) 7

+3(3—a)

22
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2.5 The case a =1
From eqs. (25), (32) and (12); of [4] we obtain for hg the same expression of (21) and for hs

the same expression of (10) but calculated in a = 1, while the expression of hy is
ho =27+ 2773 In~. (25)

After that, we see that the expressions (11) at equilibrium still hold, while for the non
equilibrium closure, we proceed with the same steps as before in the case 0 < a < 1; we find
the same previous results, but calculated in a = 1. Consequently, the closure for the case
a = 1 is the same of the case 0 < a < 1, but calculated in a = 1.

2.6 Thecasel <a<?2
From eqs. (25), (33) and (36) of [4] we obtain for hy the same expression of (21) and for hs

the same expression of (10) but calculated in @ = 1, while the expression of hy is

hy = 17’5 (a+5)T'B—a) + 2 atl R_g 1y ", (26)
3 a—3

After that, we see that the expressions (11) at equilibrium still hold, while for the non

equilibrium closure, we proceed with the same steps as before in the case 0 < a < 1; we find

the same previous results, but computed for 1 < a < 2. Consequently, the closure for the

case is the same of the case 0 < a < 1, but holding for 1 < a < 2.

2.7 The case a =2

From eqs. (10),, (12);, and (33) of [4] we obtain for hy the same expression of (26) and for
hs the same expression of (10) but calculated for a = 2, while the expression of hq is

ho=—~"1n~. (27)

After that, we see that the expressions (11); o at equilibrium still hold, while (11)3 has to be
substituted by

7T mn
— |

AP
B —In~vy v

UeUtUT + FhPur]

23
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To find the non equilibrium closure, we note that
4

0 o
In ~ In v
diq dyo
14
~
17 = d21 d22
In~
d31 3 d21 d32 -3 d22
22 2
In~y In~y
dll d12
15
G0
N = |d d
1 (In 7)? 21 22
n31 n32
3 44
Iny Iny
dll d12
15
Y Y
Nii—— = |d d
m31 m32

After that, we use the above properties and find
15

4140 5
lim DIL =—, limMN
7—0 1Il Yy 9 y—0 (]_n 7)2
N
and, consequently, %11% 31 %

24
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Let us consider now the following group of functions and observe that

4
Ty 7
10 B €11 ez |1 (32)
2m = )
€21 €22 |7
4
i %
A1 €11 €12 1 (33)
NSI,Y_ = )
Y fa1 fa2 72
4
my 7
R ez |1 (34)
N31F = ;
7 g21 922 ’YZ
From these results we obtain
10 14 _on o1
lim Dyl — = == lim Ny — = lim Nygy-o— = 52,
=0 “lnvy 3 =0 “Ilny =0 In~
. Nj . Ny 78
and, consequently, ’lyli% 337 = ’lyli% D—Sv == (35)

The calculations for C5 are the same of the previous cases, but calculated in a = 2, so that

we have
78

%%0572 35" (36)

25
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So for this case we have obtained the closure

7T mn
arrBrry 2 plaBrmy —
"o A2 (UUU+C U) (37)

AP —

21 1
702 oy (2 UeUPUY + heBym | +
35 v c?

234 (
—1

<aB>3rrv) 41
35 "

234 (1 1, _
_|_7 (gq( U5U7)+gq( hﬁ'Y)) ol 1_|_

2.8 Thecase2<a<3

From egs. (10)3, (12);, and (33) of [4] we obtain for hy the same expression of (26) and for
hs the same expression of (10) (but now only th first leading term plays an active role) and
for hs the same expression of (10), while the expression of hyg is

ho=~""1R_,. (38)

After that, we see that the expressions (11); at equilibrium still hold, while (11), 3 have to
be substituted by

2
(3 —
e:(a—i—l)m:c : AQEBVZ(ZSR—G)(aqL@mn [UUPUY + ¢ hPU]

To find the non equilibrium closure, we note that

,ya-l—l ,ya+2 75
di1 dy2 di3 1 )
39
D, ,Yza+1o = |d2 dao da3 v
d31 d32 d33 y

26
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ot ~a+? y
diy dy di3 1
(40)
Ny y* o = | dy dao da3 gl
n31 Nn32 ns3 72
,ya—I—l ,ya+2 75
di1 di2 dy3 1
(41)
Ny y*H = | dy da2 da3 gl
ms1 m32 ms3s3 v
After that, we find
. 2a+10 20 2
lim Dy v =——(@—-2)(a+5TB—a)(R_.)",
=0 9
- . 4 (42)
lim Ny 2 = lim Ny 20 = 5@t dla+1)(a+1)T(4-a) (R_o)” .
e =
and, consequently,
. N . Ny 1 (a+1)(a+4)(a+11)(3 —a)
lm =L~ = lim —L~y = — = 43
s M S N (@—2)(at5) (43)
Regarding the following group of functions we observe that
,ya+2 ,YS
€11 ez |1 (44)
D2 ,_ya+8 — ’
€21 €2 |7

27
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a+2 5
Y

Y

€11 €12 1 (45)
N3~ =

fa1 fa2 72

,7a+2 75

e erg |1 (46)
N31 ,7a+9 —

g21 922 72

From these results we obtain

2
lim Dyy* ™ = —Z(a+5)T(4—a)R_,,
=0 3

N - 2
lim Nyy™t9 = lim Ngpy*t? = — 3 (a+4)(a+11)T(4 —a)R_,,
= =

N. 4 11
and, consequently, %11% _zfy - %1—{% D331 — (a+ a)j—a5+ ) . (47)
The calculations for Cy are the same of the previous cases, so that we have
. (a+4)(a+11)
lim Cyvy = (3 — 48
Gy =06-a =5 n s (48)
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So for this case we have obtained the closure

(3 —
AP = M( +5)y" tnm (U UPUY + &2 h*PUY) + (49)
3(a+1)(a+4)(a+11)(3 —a) 1 _
Z — US4+ plesym) 1
* 5 (a—2)(a+5) T\a * Tt

(a+4)(a+11)

3
+ a+5

1 1
(E ¢UtU" + : q(ahﬁv)> Al

(a+4)(a+11)

+3(3—a) 50 +5)

t(<a5>3 U’y) ’Y_l ‘

2.9 The case a =3
From egs. (11)a, (12)1, and (29); of [4] we obtain

~ _ B _ -~ 8 -~ B
ho =7 Ry 4y y =97 ha= -2 Iny, b =989 (50)

After that, we see that the expressions (11); at equilibrium still hold, while (11),3 have to
be substituted by

2 8 mn
. AT = Zln~y— [UUPUY + A RPN .
v L vy 7 R_3 | }

To find the non equilibrium closure, we note that

5
v o e
di1 dy2 di3 1
o (51)
1 m = |do da da3 v
d3; ds32 ds3 v
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v 7 7
di di2 diz + % g—l di2 1
(52)
Ny = |dn da2 da3 + % R_E da2 Y
8 In~y 2
n31 132 N33+ 35, M3 v
4 A5 5
di d12 diz + § },12 = dys 1
(53)
Nuy'" = |dy da2 doz + § % da2 Y
ms; 32 mas + 3 % 32 o0&
After that, we use the above properties and find
160
lim D, 7 — (R_3)?,
v—0 lIl 'Y 9 (54)
~ 49
lim Ni~y'7 = lim Nyy'7 = 32 (R_3)2 )
7—0 =0 9
. N . Ny 49
d tl lim —~y Iny=Ilim—~vIny=—. 55
and, consequently,  lim D, 7 Iny = lim D, vy =~ (55)
Regarding the following group of functions we observe that
5 5
€11 €12 + 13—6 % enn |1 (56)
D2 ’711 = ;
€21 e+ % }%—_Z €21 |7
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o o
11 ez + lg }é‘—z eir |1 (57)
N:a 712 =
fa1 f22+16 h”fl v?
oK oK
. €11 e + E M e11 1 (58)
N31 712 — 7
921 gar + 2 }5—1 g1 |V
From these results we obtain
16
. n_ 1o
flyli)% D2 Y= 3 R_ 3

- - 4
lim N3y'? = lim Nj;y'? = —49- - R_;.
¥—0 ¥—0 3

From the above results we deduce that.

N. T N31 o 49
oy 5, =i D, = T (59)
) . 49
Regarding C5 we have that lnr(l) yInyCs = — 20 (60)
’y—)
So for this case we have obtained the closure
8
APV = — Z In 4 mn (U“UﬁUV 4 2 h(aﬁUv)) — (61)
g R_3
147 1
— 7 [ 5 UUPUY + nPyY) +
5 c? ~vIn 7y

147 (1 1 147 1
= Z ey & Zglapbn ) 471 22 p(<aB>srr) )
* 4 (c2qUU —|—5q )7 20 v v In vy
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2.10 Thecase 3<a<4
From egs. (30), (35) and (12); of [4] we obtain

ho=7"""R4 = 7" Ria,
a—+1
a—3
hs =~ "T(4—a)(a+4)(a+11).

a+5 _g
62
37 (62)

~ 1
hg =2 Rflfa ’YﬁaiQ — g F(4 — (l)

After that, we see that the expressions (11); at equilibrium still holds, while (11)9 5 have to
be substituted by

2

e=(a+1) 1%
Y
aspr — Ot ) Bora M oy @b L Boima M gy

a—3 R_, 7~ a—3 R_, v

To find the non equilibrium closure, we note that

,ya—i-l ,.)/a+2 ,ya+2
di1 dy2 di3 1
(63)
D, 73a+7 = |d2 dao da3 Y
ds1 d3o ds3 Y
,ya—i-l ,Ya+2 ,ya—|—2
diy dy2 di3 1
(64)
N2 = |dy dao da3 v
n3i Nn32 n33 yPe
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,ya—l—l ,ya+2 ,.ya+2
dyy dy2 dq3 1
(65)
Niy ’72a+11 = |dxn dao da3 Y
ms; M32 mss3 vl
After that, we find
: 10 (a+1)?
lim Dy 4%t = — — (R_,)* R_,
vli% 1 3 ( ) a3
~ ~ 4
lim Ny yRatil — lim Ny yRatll — 5 (a+1)(a+4)(a+11)T(4 —a)(R_.)*.
y— y—
and, consequently,
lim—174_“:lim& 4_a:_3(a—3)(a+4)(a+11) F(4—a).
v—0 14 7—0 Dl 15 a+1 R—l—a
Regarding the subsequent group of functions we observe that
,ya+2 ,)/a+2
€11 €12 1 (66)
D2 ’7a+8 = 3
a1+ (a+2)7 en e+ (a+2)7  en [0
,ya+2 ,ya+2
N €11 €12 1 (67)
N3 7a+9 = )
J21 far |77
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,7a+2 ,7a+2
. e €12 1 (68)
N31 ,ya+9 — ’
go1 g [V
From these results we obtain
2
lim Dyy*"® = - (a+5)T(4 —a) R_,,
y—0 3
~ ~ 2
lim N3yt = lim N3;7*™ = — = (a +4)(a +11)T(4 — a) R_,,
y—0 ¥—0 3
N. N. 4 11
and, consequently, ’lyli% 327 = %1{)% Dzly = (a+ a)j(La; ) : (69)
_ e 1 I'(4—a) (a—3)(a+4)(a+11)
Finall lim Cs 4+ = — . 70
HHaty, 'ylir(l) 57 30 Rflfa a+1 ( )

So for this case we have obtained the closure

AT = 2

a—3 R_, v

(a—3)(a+4)(a+11) T4 - a)

L2
5

c2

a+1 Rflfa m

CL(CL + 1) R—l—a mn UaUﬂU'y 16 a+1 R_l_a mn 62 h(aﬂU”Y)_i_ (71)

a—3 R_, 7~

c2

1
( UUPUY + h<aﬂm>> 7+

a+5

1 T4—-a) (a—3)(a+4)(a+11)

+1_0 R—l—a a+1

t(<aﬁ>3 U’Y) ,ya—4 .
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2.11 The case a =4

From egs. (30), (35)2 and (12); of [4] we obtain
iLO = _5 R_4 — ’7_4 R_g,
ho=10R_57 % + 37 Iny —377°, (72)
hs = — 120777 In .

After that, we see that the expressions (11); at equilibrium still holds, while (11), 5 have to
be substituted by

o5 mnc |
Y
A0 — 40 Bos I oy g s TV o e
Ry ~ Ry ~
To find the non equilibrium closure, we note that
5 A6 A6
di1 di2 di3 1
(73)
Diy" = |dy dao das3 g
d31 d32 d33 Y
5 A6 6
du d12 d13 1
A1 (74)
N, e = day dao das3 v
n~y
n31 n32 N33 ﬁ
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7 7 7
diy d12 di3 1
" (75)
Ni o~y do dao das3 v
nry
n31 132 133 lni'y
After that, we find
250
lim D1 ’719 = - — (R_4)2 R_5 y
¥—0 3
~ 19 ~ 19 800
lim Ny — = lim Njy — = — 2= (R_y)?
=0 “Iny  4—0 In v 3
q Qo 1 N 1 . Ny 1 16 1
and, consequen im—-—=1Ilm——=— —
7 q v v—=0D;Iny =0 Dy In~ 5 R_;
Regarding the subsequent group of functions we observe that
A6 ~6
712 B €11 €12 1 (76)
*In v B 1 1 ]
e21+69  en e +67 e |55
7 7
- 138 €11 €12 1 (77)
N3 1— - s
P fo |55
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~ A6
713 €11 €12 1 (78)
N31 lIl )
7 g21 g22 ﬁ;
From these results we obtain
12 13 13
lim Dy — =6R_,, lmN;—— = lim N3; — =80R_y4, (79)
=0 " ln vy =0 nvy -0 In ~
N, N. 40
and, consequently, hH(l) D, v = 'lylif% F:;l v=5 (80)
-1 4 1
Finall IimCy — = — — —.. 81
tnaty, wlgtl) >In v 5 R_5 (81)
So for this case we have obtained the closure
ABY — 40 fis mn UeUsUY + 30 == Rs M 2B _ (82)
R_y, ~ R_y v
48 1 1
- —UeyPyY 4+ paBpm ) oL
5 R us (02 + n v+
1 1 12 1
+ 40 qeUPUY + Zglopf) | 47t — 2 (<eB> ) L Ay
5 5 R_5

2.12 The case a >4

From egs. (30), (35)5 and (12)3 of [4] we obtain the same expression (62) for hg, while hy, hs
have to be substituted by

a+1 a2 20+1

a-+2 o
Rl afy a3

hy =2

(83)
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(DTECHNIUM

where we substituted R_,_, and Ry_, with 2= 3 Ri_, and 1o R, respectively; this can be

done because from (37) of [2] it follows the property R, =% = Rk,Q which hods for £ < —2.
After that, we see that the expressions (11); at equilibrium still holds, while (11)s 5 have to
be substituted by

2

mnc
= (a+1) T2
AY = 2(a+1) IE_: mj UUPU + 62 : ! %_‘: mv” A B
To find the non equilibrium closure, we note that
ot o2 ~at2
di1 d12 di3 1 (84
Dy ¥ = |dy da2 das g
dz1 d32 d33 Y
ot ~at? NEE:
diy di2 di3 1 (85)
N1 73a+7 = |dx da2 dos Y
n31 132 n33 Y
atl a2 ~at?
di1 d12 di3 (86)
Ny st do1 da2 da3 Y
ms1 ma2 ma3 Y
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After that, we find

3a+7 _ E (&—l— 1)2

R_)*R_1_a,
3 a—3( ) R

lim Dy~
y—0

~ 4
lim Nyt = 3¢ (a+1)*(a+2) (R_,)?

v—0

3a+8 5 Ry, a+1\?
a—4

~ 4
llII(l) N1173a+7 = g ((I + 1) (a + 2) (R—a)3
’y*)

and, consequently,

. N, 2 Ri_q 1\’ 1 | R,
lim — = Za? 2 1 -] -

I, =5 (@t jlat )(R_a a> a—4| Ri,’
b N 2a(a+2) '3 Riwa+1\> 3a+8]| R,
m == - .
=0 Dy 5 a+1 R_, a a—4 | Ri_g

We note that only in the present case Dy, Ni, Ny are of the same order and, moreover,

lim,y_,o g—i 7é lim,y_,o %111
Regarding the subsequent group of functions we observe that

,ya+2 ,ya+2
el €12 1 (87)
D2 72(1—‘1-4 - )
ean + (a+2)y Len e+ (a+2)7 e |1
,ya+2 7a+2
€11 €12 1 (88)
N?» ,}/2a+5 = )
f21 f22 Y
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,Ya+2 ,Ya+2
_ €1 ez |1 (89)
Nygy 2+ = J
921 922 |7
From these results we obtain
+1 2a +1
lim Dy 2t = 4 272 (R)_,)2 — 2 R_,)’
vli% 27 a (F1-a) a—4 ( )
- +1 1
lim N372* = 8 (a+ 1)(a+2) | 22— (R_a)? — R_,)?
lim Ny = 8 (a+ D{a+2) | (Rua)® = — (R
- +1\? a+2
lim Nygy2t =40 (2 Ry_,)* — 40 R.,)
7111(1) 317 a (Ria) a—4< )
and, consequently,
i Ns o, (@t D(a+2) (a+1)(a—4)(R1a)® — a® (R_0)’
0Dy 1T a 2o+ Do (R —alar DR g0
o Nt 20 (a—4)(a+ 1 (R10)? — a?(a+2) (Ro)*
20Dy ' T a4 20+ D)(a—4) (Rin)? — aat1)(Rg)?
We note that only in the present case we have obtained lim, .o 5 Ny Ly # hmvﬂo e
Finally,
~ a-+2 R_,
lim C5 = 2 . 91
'ylir(l) b a+1a—4R1_a ( )
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So for this case we have obtained the closure

A9 = 9(q 1) e 1 pragpogry g @D Fima 0 sy (92)
R, ~ a R, 7~
6 , Ry, 1\? 1 R, 1
= 2 1 ) = —UyPyT—
5a(a—|— ) [(a+ )<R—a a) ~— Rl_aWCQUUU
6 ala+2) Ri_oa+1\> 3a+8| R,
ik ol e’ — heBrr)
o a+1 <R_a a ) a—4 Rl_aw vrE
L2 @D+ @D R - PR,
2 a 2(a+1)(a—4)(Ri—a)? — a(2a+ 1) (R_,)?

12 (a—4)(a+1)*(Ri0)” — a®(a+2) (R0 (4,5
+ a 2(a+1)(a—4)(Ria)? — a(2a+1)(R_,)? 7“h

a+2 a R_,
a+1la—14 Rl—a

+6 t<ef>s g

3 Conclusions

We have found here a set of balance equations which approximate in the ultrarlativistic limit
the original one and they are suitable for describing a polyatomic gas. They are divided into
some subcases depending on how polyatomic the gas is or, to be more precise, on the basis
of the parameter a = —1 + f*/2 with f* the internal degrees of freedom f* > 0 due to the
internal motions. As these degrees of freedom should be expressed by an integer, 2a is also
an integer. However, as a mathematical abstraction, one can always think of a continuous
trend of a. This model allows this. Obviously, it is physically valid as long as the absolute
temperature is high enough to make v tend to zero, but not so much as to break the molecules
and thus deprive the gas of its polyatomic nature. Therefore the model is more physically
significant, when a is not too big.
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